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THE 15 SUBCASES OF THE INTERRELATIONSHIPS OF THE COEFFICIENTS IN 
THE KERNEL OF A CONTINUOUS STRICTLY CONVEX ANTAGONISTIC GAME 
AND THE NINE FIGURED OUT CORRESPONDING TYPES OF THE SOLUTION 

 
As for the marketing dual activity problem there have been investigated the 15 subcases of the interrelationships of the 

coefficients in the kernel of a continuous strictly convex antagonistic game. From that the corresponding nine game solution types 
have been determined. 

Як для задачі маркетингової дуальної діяльності досліджено 15 підвипадків співвідношень коефіцієнтів у ядрі однієї 
неперервної строго опуклої антагоністичної гри. З цього визначено відповідні дев’ять типів розв’язків гри. 

Key words: marketing dual activity, strictly convex antagonistic game, game solution type, solutions continuum. 
 

The issue specification in the presented paper and the investigation goal designation with the game kernel 
An antagonistic game gives a well fitting mathematical model for making decisions in some competitive 

activity economical processes (like the marketing activity problem), where the two players are the rivals. An actual 
investigation goal designation in the antagonistic game stays in finding all the solutions 

 

{ }opt opt opt, , V=S X Y                                                                         (1) 
 

of the strictly convex continuous antagonistic game [1 — 3], which kernel 
 

( ) 2 2,S x y ax bx gxy cy hy k= + + + + +                                                            (2) 
 

as the surface is defined generally on the unit square 
 

[ ] [ ]0; 1 0; 1SD X Y= × = × ,                                                                    (3) 
 

where an element [ ]0; 1x X∈ =  is a pure strategy of the first player, and an element [ ]0; 1y Y∈ =  is a pure strategy 
of the second player. There in the formula (1) the denomination optV  is assigned for the game value. The optimal 
strategies set of the first player has been denoted as optX , and the optimal strategies set of the second player has 
been denoted as optY . This paper investigation goal designation is to find all the solutions (1) of the continuous 
strictly convex antagonistic game with the kernel (2), which is defined on the unit square (3), where the kernel 
coefficients 0a > , 0b < , 0g > , 0c <  and the constant k∈\ . As this game has been said to be the strictly 
convex, then x X∀ ∈  and y Y∀ ∈  there must be held the condition 

 

( )2

2

,
0

S x y
y

∂
>

∂
,                                                                             (4) 

 

whence 
 

( )2

2

,
2 0

S x y
h

y
∂

= >
∂

                                                                          (5) 
 

and the coefficient by the square of a pure strategy of the second player 0h > . 
The total thorough solving of the specified continuous strictly  

convex antagonistic game with the adjusted kernel 
When solving the specified continuous strictly convex antagonistic game with the adjusted kernel (2), there 

should be applied the known maximin method [4] with the total determining the sets optX  and optY  [5, 6]. First of 
all, there should be marked, that as the coefficient 0a >  then the parabola (2), being the function of the only 
variable x , does not have the global maximum point. Consequently this parabola on the unit segment [ ]0; 1X =  
reaches the maximum either in the point 0x =  or 1x =  and, certainly, this maximum depends on the sign of the 

statement a b gy+ + . While having 0a > , 0b < , 0g > , 0c <  then there 0a b gy+ + >  if a by
g
+

> − . The value 

0a b
g
+

− >  when 0a b+ < , and the value 1a b
g
+

− <  when 0a b g+ + > . That will be the opening two subcases in 

the specified game investigation. 
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Subcase 1.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + > . As here 0a b gy+ + >  a by
g
+

∀ > −  

by ( )0; 1a b Y
g
+

− ∈ ⊂  then the maximum of the surface (2) on the unit segment X  of the variable x  is 
 

( )
( )

( )

2

2

0, , 0; ,
max ,

1, , ; 1 .
x X

a bS y cy hy k y
gS x y

a bS y a b gy cy hy k y
g

∈

⎧ ⎡ ⎤+
= + + ∈ −⎪ ⎢ ⎥⎪ ⎣ ⎦= ⎨ ⎡ ⎤+⎪ = + + + + + ∈ −⎢ ⎥⎪ ⎣ ⎦⎩

                                    (6) 

 

For minimizing the function (6) on the unit segment Y  it is necessary that the minimum of the parabola ( )0,S y  on 

the segment 0; a b Y
g

⎡ ⎤+
− ⊂⎢ ⎥

⎣ ⎦
 should be determined, and also that the minimum of the parabola ( )1,S y  on the 

segment ; 1a b Y
g

⎡ ⎤+
− ⊂⎢ ⎥
⎣ ⎦

 should be determined. 

Before finding the local minimum of the parabola ( )0,S y  on some subsegment of the unit segment Y  

primarily the global minimum of the parabola ( )0,S y  should be determined. The first derivative of the parabola 

( )0,S y  is 
 

( ) ( )20, 2d dS y cy hy k c hy
dy dy

= + + = +                                                          (7) 
 

and the first critical point of the parabola ( )0,S y  is the zero point of the line (7) 0
cr 2

cy y
h

= = − . The second 

derivative of the parabola ( )0,S y  is 
 

( ) ( )
2

2 0, 2 2 0d dS y c hy h
dydy

= + = >                                                             (8) 
 

and the global minimum of the parabola ( )0,S y  is 
 

0 0
cr min 2

cy y
h

= = − .                                                                          (9) 
 

However, by the initial conditions 0c <  and 0h > , here the point 0
min 0

2
cy
h

= − > . 

The first derivative of the parabola ( )1,S y  is 
 

( ) ( )21, 2d dS y a b gy cy hy k g c hy
dy dy

= + + + + + = + + .                                           (10) 
 

The first critical point of the parabola ( )1,S y  is the zero point of the line (10), that is 1
cr 2

g cy y
h
+

= = − , and as the 

second derivative of the parabola ( )1,S y  is 
 

( ) ( )
2

2 1, 2 2 0d dS y g c hy h
dydy

= + + = >                                                        (11) 
 

once again, then the global minimum of the parabola ( )1,S y  is 
 

1 1
cr min 2

g cy y
h
+

= = − .                                                                       (12) 
 

For ascertaining whether 0
min 0; a by

g
⎡ ⎤+

∈ −⎢ ⎥
⎣ ⎦

 or not, will determine the following difference: 

 

( )0
min

2
2 2 2

h a b cga b c a b c a by
g h g h g hg

+ −⎛ ⎞ ⎛ ⎞+ + +
− − = − − − = − + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

.                                  (13) 
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Herewith 0
min

a by
g
+

< −  by ( )2 0h a b cg+ − <  and 0
min

a by
g
+

−  by ( )2 0h a b cg+ − . 

Subcase 1.1.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + > ; ( )2 0h a b cg+ − < . Having the point 

0
min 0; a by

g
⎛ ⎞+

∈ −⎜ ⎟
⎝ ⎠

 and the difference 

 

0 1
min min 0

2 2 2 2 2
c g c c g c gy y
h h h h h

+ +⎛ ⎞− = − − − = − + = >⎜ ⎟
⎝ ⎠

                                            (14) 
 

displaying that 0 1
min miny y> , else get that 1

min
a by

g
+

< − . Then there is the double parabolic inequality with the point 

(12) 
 

( ) ( )1
min1, 1, 1, 1, 1

2
g c a bS y S S S

h g
⎛ ⎞+ +⎛ ⎞= − < − <⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
.                                              (15) 

 

Also there is the obvious identity 
 

1, 0,a b a bS S
g g

⎛ ⎞ ⎛ ⎞+ +
− = −⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
.                                                               (16) 

 

The double parabolic inequality (15) and the identity (16) with 0
min 0; a by

g
⎛ ⎞+

∈ −⎜ ⎟
⎝ ⎠

 rule for that the minimum of the 

function (6) 
 

( ) ( ) ( )
0; ; 1

min max , min min 0, , min 1,
y Y x X a b a by y

g g

S x y S y S y
∈ ⎡ ⎤ ⎡ ⎤∈ + +

∈ − ∈ −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

⎧ ⎫
⎪ ⎪= =⎨ ⎬
⎪ ⎪⎩ ⎭

 

( ) ( )0
minmin 0, , min 1, , 1, 1 min 0, , 1,

2
a b c a bS y S S S S

g h g
⎧ ⎫⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞+ +⎪ ⎪ ⎪⎪ ⎪ ⎪⎛ ⎞= − = − − =⎨ ⎨ ⎬⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟⎜ ⎟

⎝ ⎠⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭ ⎩ ⎭⎩ ⎭
 

( )
2 2

0
min optmin 0, , 0, 0, 0,

2 2 2 2 4
c a b c c c cS S S S y c h k k V
h g h h h h

⎧ ⎫⎛ ⎞+⎪ ⎪⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − − = − = = − + − + = − =⎨ ⎬⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎪ ⎪⎝ ⎠⎩ ⎭

     (17) 

 

is reached in the point opt 2
cy y
h

= = − , that is on the set of the second player optimal strategies 
 

{ }opt opt opt2
cY y
h

⎧ ⎫= = − =⎨ ⎬
⎩ ⎭

Y ,                                                                (18) 
 

which coincides with the second player optimal pure strategies set optY . The set of the first player optimal pure 
strategies optX  primarily should be determined by the roots 1x  and 2x  of the quadratic equation [1 — 6] 

 

( )opt opt,V S x y= .                                                                         (19) 
 

Hereon the corresponding equation (19) is 
 

22
2 2

opt 0,
2 4 2 2 2
c c c c cV S k ax bx gx c h k ax bx
h h h h h

⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = − = + + − + − + − + = + +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

( )
2 2 2

opt
2 , ,

2 4 2 4 2 4 2
c c cg c hb cg c cgx k x ax b k x ax k S x S x y
h h h h h h h

−⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ − + − = + − + − = + + − = − =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

.      (20) 
 

From the equation (20) get the equation 
 

2 2 0
2 2

hb cg hb cgx ax x x
h ah
− −⎛ ⎞ ⎛ ⎞+ = + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
,                                                      (21) 

 

where the roots of the equation (19) are 1 0x =  and 2
2

2
cg hbx

ah
−

= . But the initial condition ( )2 0h a b cg+ − <   
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Fig. 1. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ < , 0a b g+ + > , 

( )2 0h a b cg+ − <  with the kernel ( ) 2 2, 3 5 4 6 7S x y x x xy y y= − + − +   

and solution { } 3 90 , ,
7 7

⎧ ⎫⎧ ⎫= −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S  

means that 2
2 1

2
cg hbx

ah
−

= > . So

there be 1x X∈  and 2x X∉ .
Thereupon here is the set 

 

{ } { }opt 1 opt0X x= = =X      (22)
 

and the investigated subcase (fig. 1)
game solution is the set 

 

{ }
2

0 , ,
2 4
c ck
h h

⎧ ⎫⎧ ⎫= − −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S .  (23)

 

Subcase 1.1.2. 0a > ,
0b < , 0g > , 0c < ; 0a b+ < ;

0a b g+ + > ; ( )2 0h a b cg+ − . As

the point 0
min

a by
g
+

−  then there is

the double parabolic inequality with
the point (9) 

 

( ) ( )0
min0, 0 0, 0, 0,

2
a b cS S S S y

g h
⎛ ⎞+ ⎛ ⎞> − − =⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠
.                                              (24) 

 

Further will clear out if 1
min ; 1a by

g
⎛ ⎤+

∈ −⎜ ⎥
⎝ ⎦

. Here the point 1
min 1y  by 2 0g c h+ + , but for ascertaining whether 

1
min ; 1a by

g
⎛ ⎤+

∈ −⎜ ⎥
⎝ ⎦

 or not, will determine the following difference: 

 

( ) ( )2
2 2 2

h a b g g cg c a b g c a b
h g h g hg

+ − +⎛ ⎞+ + + +
− − − = − + =⎜ ⎟

⎝ ⎠
.                                        (25) 

 

Now see that 1
min ; 1a by

g
⎛ ⎤+

∈ −⎜ ⎥
⎝ ⎦

 by the conditions ( ) ( )2 0h a b g g c+ − + >  and 2 0g c h+ + . 

Subcase 1.1.2.1.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + > ; ( )2 0h a b cg+ − ; 

2 0g c h+ + ; ( ) ( )2 0h a b g g c+ − + > . As the point 1
min ; 1a by

g
⎛ ⎤+

∈ −⎜ ⎥
⎝ ⎦

 and there is the double parabolic 

inequality (24), then with the identity (16) the minimum of the function (6) 
 

( ) ( ) ( ) ( )
0; ;1

min max , min max , min min 0, , min 1,
y Y y Yx X x X a b a by y

g g

S x y S x y S y S y
∈ ∈ ⎡ ⎤ ⎡ ⎤∈ ∈ + +

∈ − ∈ −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

⎧ ⎫
⎪ ⎪= = =⎨ ⎬
⎪ ⎪⎩ ⎭

 

( ) ( ) ( )1 1
min minmin min 0, 0 , 0, , 1, min 0, , 1,a b a bS S S y S S y

g g
⎧ ⎫⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞+ +⎪ ⎪ ⎪ ⎪ ⎪ ⎪= − = − =⎨ ⎨ ⎬ ⎬ ⎨ ⎬⎜ ⎟ ⎜ ⎟

⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭ ⎩ ⎭⎩ ⎭
 

( )
2

1
min1, 1,

2 2 2 2
g c g c g c g cS y S a b g c h k

h h h h
+ + + +⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = − = + + − + − + − + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠
 

( ) ( ) ( ) ( )2 2 22

opt2 2 2 4 4
g c g c g cg c g ca b g c h k a b k a b k V

h h h h h
+ + ++ +⎛ ⎞ ⎛ ⎞= + + + − + − + = + − + + = + − + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
     (26) 

 

is reached on the set 
 

{ }opt opt opt2
g cY y

h
+⎧ ⎫= = − =⎨ ⎬

⎩ ⎭
Y .                                                              (27) 

 

The corresponding equation (19) is 
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( )2 2
2

opt 1,
2 4 2 2 2

g cg c g c g c g cV S a b k ax bx gx c h k
h h h h h

++ + + +⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = + − + = + + − + − + − + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

( ) ( ) ( )
2

2
opt

2
, ,

2 2 4 2
bh g g c g cg c g cax x c k S x S x y

h h h h
− + +⎡ ⎤ + +⎛ ⎞= + − + + = − =⎢ ⎥ ⎜ ⎟

⎝ ⎠⎣ ⎦
;                       (28) 

( ) ( ) ( ) ( ) ( ) ( )2 2
2 22 2 2

2 2 4 4 2 2
bh g g c g c g c bh g g c g g c h a bg cax x c a b ax x

h h h h h h
− + + + − + + − +⎡ ⎤ ⎡ ⎤+

+ − + − − + = + + =⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

 

( ) ( ) ( ) ( ) ( ) ( )2 2 2 2
1 0

2 2 2
bh g g c g g c h a b g g c h a b

a x x a x x
ah ah ah

⎛ ⎞− + + − + + − +⎡ ⎤ ⎛ ⎞
= + + = − − =⎜ ⎟ ⎜ ⎟⎢ ⎥⎜ ⎟⎣ ⎦ ⎝ ⎠⎝ ⎠

.           (29) 

 

 
 

Fig. 2. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ < , 0a b g+ + > , 

( )2 0h a b cg+ − , 2 0g c h+ + , ( ) ( )2 0h a b g g c+ − + >   

with the kernel ( ) 2 2, 3 5 8 14 10S x y x x xy y y= − + − +   

and solution { } 3 291 , ,
10 10

⎧ ⎫⎧ ⎫= −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S  

It is seen from the equation (29) that the roots of the

equation (28) are ( ) ( )
1

2
2

g g c h a b
x

ah
+ − +

= and

2 1x = . But ( ) ( )2
0

2
g g c h a b

ah
+ − +

< , then 1x X∉ ,

2x X∈  and there is the set 
 

{ } { }opt 2 opt1X x= = =X ,                 (30)
 

whence the investigated subcase (fig. 2) game
solution is 

 

{ } ( )2

1 , ,
2 4

g cg c a b k
h h

⎧ ⎫++⎪ ⎪⎧ ⎫= − + − +⎨ ⎨ ⎬ ⎬
⎩ ⎭⎪ ⎪⎩ ⎭

S .   (31)

 

Subcase 1.1.2.1.2. 0a > , 0b < , 0g > ,
0c < ; 0a b+ < ; 0a b g+ + > ; ( )2 0h a b cg+ − ;

2 0g c h+ + ; ( ) ( )2 0h a b g g c+ − + . As the

point 0
min

a by
g
+

−  then there is the double

parabolic   inequality    (24),    and    as    the    point
1

min
a by

g
+

−  then there is the double parabolic inequality 

 

( ) ( )1
min1, 1, 1, 1, 1

2
g c a bS y S S S

h g
⎛ ⎞+ +⎛ ⎞= − − <⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠
,                                              (32) 

 

that differs from the double parabolic inequality (15) only with the strictness in the sign. Therefore with the identity 
(16) the minimum of the function (6) 

 

( ) ( ) ( )
0; ; 1

min max , min min 0, , min 1,
y Y x X a b a by y

g g

S x y S y S y
∈ ⎡ ⎤ ⎡ ⎤∈ + +

∈ − ∈ −⎢ ⎥ ⎢ ⎥
⎣ ⎦ ⎣ ⎦

⎧ ⎫
⎪ ⎪= =⎨ ⎬
⎪ ⎪⎩ ⎭

 

( ) ( )min min 0, 0 , 0, , min 1, , 1, 1a b a bS S S S
g g

⎧ ⎫⎧ ⎫ ⎧ ⎫⎛ ⎞ ⎛ ⎞+ +⎪ ⎪ ⎪ ⎪ ⎪⎪= − − =⎨ ⎨ ⎬ ⎨ ⎬⎬⎜ ⎟ ⎜ ⎟
⎪ ⎪ ⎪ ⎪⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭ ⎩ ⎭⎩ ⎭

 

( )2

opt2min 0, , 1, 0, 1,
a ba b a b a b a b a bS S S S h c k V

g g g g gg
⎧ ⎫ +⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + + +⎪ ⎪= − − = − = − = − + =⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎪ ⎪⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭

       (33) 

 

is reached on the set 
 

{ }opt opt opt
a bY y

g
⎧ ⎫+

= = − =⎨ ⎬
⎩ ⎭

Y .                                                              (34) 

 

The roots of the corresponding equation (19) 
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( ) 22
2

opt 21, 0,
a ba b a b a b a b a b a bV S S h c k ax bx gx c h

g g g g g gg
+⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞+ + + + + +

= − = − = − + = + + − + − + − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

( ) ( ) ( ) ( )
2 2

2
opt2 21 , ,

a b a ba b a b a bk ax ax h c k ax x h c k S x S x y
g g gg g

+ + ⎛ ⎞+ + +
+ = − + − + = − + − + = − =⎜ ⎟

⎝ ⎠
     (35) 

 

are 1 0x =  and 2 1x = . They are such that 1x X∈  and 2x X∈ , so the set 
 

{ } { }opt 1 2, 0, 1X x x= = .                                                                     (36) 
 

May ( )1P x  and ( )2P x  be the probabilities of the first player selecting its pure strategies 1
1 optx x=  and 2

2 optx x= . 

Then the set ( ) ( ){ }{ }1 2
opt opt opt opt, ,X P x P x=X  and there are { }1 2

opt opt opt,X x x= , ( ) ( )1 2
opt opt 1P x P x+ = . Those 

probabilities satisfy the double inequality [1 — 3, 5, 6] 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 2 2 1 1 2 2
opt opt opt opt opt opt opt, , , ,S x y P x S x y P x V S x y P x S x y P x+ + ,                 (37) 

 

where opty y≠ , and 1 1
optx x≠ , or 2 2

optx x≠ , or ( ) ( )1 1
optP x P x≠ . In the being investigated subcase the 

probabilities ( ) ( )1 0P x P=  and ( ) ( )2 1P x P=  may be determined from the right inequality (37): 
 

( ) ( ) ( ) ( ) ( )
2

opt 20, 1, 0, 0 1, 1
a ba b a b a bV S S h c k S y P S y P

g g gg
+⎛ ⎞ ⎛ ⎞+ + +

= − = − = − + + =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

 

( ) ( ) ( ) ( ) ( ) ( )2 2 20 1 1cy hy k P a b gy cy hy k P cy hy a b gy P k= + + + + + + + + = + + + + + ;                 (38) 

( ) ( )2 2 2 2
2

2 2

a b a b g ya b a b gyh c cy hy h c
g gg g

+ + −+ + +
− − − = − =  

( )( ) ( ) ( ) ( ) ( )2 2 1
a b gy a b gy h a b gy cga b gyh c a b gy a b gy P

gg g
+ + + − + − −⎡ ⎤+ +

= − = + + + +⎢ ⎥
⎣ ⎦

.           (39) 

 

While 0a b gy+ + >  then a by
g
+

> −  and step by step gy a b− < + , ( )2a b gy a b+ − < + , 

 

( ) ( )
2 2

2h a b gy cg h a b cg
g g

+ − − + −
< ,                                                          (40) 

 

where from the conditions ( )2 0h a b cg+ −  and ( ) ( )2 0h a b g g c+ − +  follows that the point 

( ) [ ]2

2
0; 1

h a b cg
g
+ −

∈ . And then from the inequality (39) there is an inequality for the probability ( )1P  while 

0a b gy+ + > : 
 

( ) ( ) ( )
2 20

0

2
1 lim ; 1

h a b gy cg h a b cg
P

g gε>
ε→

+ − − + −⎡ ⎤
∈ − ε⎢ ⎥

⎣ ⎦
.                                           (41) 

 

While 0a b gy+ + <  then a by
g
+

< −  and again gy a b− > + , ( )2a b gy a b+ − > + , 

 

( ) ( )
2 2

2h a b gy cg h a b cg
g g

+ − − + −
> ,                                                          (42) 

 

whence from the inequality (39) there is an inequality for the probability ( )1P  while 0a b gy+ + < : 
 

( ) ( ) ( )
2 20

0

2
1 lim 0;

h a b gy cg h a b cg
P

g gε>
ε→

+ − − + −⎡ ⎤
∈ + ε⎢ ⎥

⎣ ⎦
.                                           (43) 

 

Therefore the probability ( )1P  is the intersection of the segments in the formulas (41) and (43): 
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Fig. 3. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ < , 0a b g+ + > , 

( )2 0h a b cg+ − , 2 0g c h+ + , ( ) ( )2 0h a b g g c+ − +  with the kernel 

( ) 2 2, 3 5 7 9 8S x y x x xy y y= − + − +  and solution { } 18 31 2 940, 1 , , , ,
49 49 7 49

⎧ ⎫⎧ ⎫⎧ ⎫ ⎧ ⎫= −⎨⎨ ⎨ ⎬⎬ ⎨ ⎬ ⎬
⎩ ⎭ ⎩ ⎭⎩ ⎭⎩ ⎭

S

 

( ) ( )
20

0

2
1 lim 0;

h a b cg
P

gε>
ε→

⎧ + −⎡ ⎤⎪∈ + ε⎨⎢ ⎥
⎪⎣ ⎦⎩

∩

( )
2

2
; 1

h a b cg
g

⎫+ −⎡ ⎤⎪− ε =⎬⎢ ⎥
⎪⎣ ⎦⎭

∩  

( )
2

2h a b cg
g
+ −⎧ ⎫⎪ ⎪= ⎨ ⎬

⎪ ⎪⎩ ⎭
.        (44)

 

Hence the probability of the first 
player selecting its pure strategy 

1 0x =  is 
 

( ) ( )0 1 1P P= − =  

( )
2

2
1

h a b cg
g
+ −

= − =  

( ) ( )
2

2g g c h a b
g

+ − +
= .      (45)

 

So in the investigated subcase (fig. 3) 
the set 

 

{ } ( ) ( ) ( )
opt 2 2

2 2
0, 1 , ,

g g c h a b h a b cg
g g

⎧ ⎫+ − + + −⎧ ⎫⎪ ⎪= ⎨ ⎨ ⎬⎬
⎪ ⎪⎩ ⎭⎩ ⎭

X                                           (46) 

 

and finally the game solution is the set 
 

{ } ( ) ( ) ( ) ( )2

2 2 2

2 2
0, 1 , , , ,

g g c h a b h a b cg a ba b a bh c k
g gg g g

⎧ ⎫⎧ ⎫+ − + + − +⎧ ⎫ ⎧ ⎫+ +⎪⎪ ⎪ ⎪= − − +⎨⎨ ⎨ ⎬⎬ ⎨ ⎬ ⎬
⎪ ⎪ ⎩ ⎭⎩ ⎭⎪ ⎪⎩ ⎭⎩ ⎭

S .             (47) 

 

Subcase 1.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + < . As here 1a b
g
+

− >  then 0a b gy+ + <  

[ ]0; 1y∀ ∈  and the maximum of the surface (2) on the unit segment X  of the variable x  is the parabola 
 

( ) ( ) ( ){ } { } ( )2 2 2max , max 0, , 1, max , 0,
x X

S x y S y S y cy hy k a b gy cy hy k S y cy hy k
∈

= = + + + + + + + = = + + .  (48) 
 

To minimize the parabola (48) on the unit segment Y , it should be determined whether [ ]0
min 0; 1y ∈  or not. The 

point 0
2
c
h

− >  and ( ]0; 1
2
c
h

− ∈  if 2 0c h+ ; by 2 0c h+ <  the point 1
2
c
h

− > . 

Subcase 1.2.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + < ; 2 0c h+ . As the point ( ]0
min 0; 1y ∈  

then the minimum of the parabola (48) 
 

( )
[ ]

( )
[ ]

( ) ( )02
min0;1 0; 1

min max , min 0, min 0, 0,
2y Y y yx X

cS x y S y cy hy k S S y
h∈ ∈ ∈∈

⎛ ⎞= = + + = − = =⎜ ⎟
⎝ ⎠

 

2 2

opt2 2 4
c c cc h k k V
h h h

⎛ ⎞ ⎛ ⎞= − + − + = − =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

                                                      (49) 

 

on the unit segment Y  is reached on the set (18). The roots of the corresponding equation (19), which now turns 

into the equation (20), are 1 0x =  and 2
2

2
cg hbx

ah
−

= . But 1a b
g
+

− >  and ( ]0; 1
2
c
h

− ∈ , so 
2
c a b
h g

+
− < −  and there 

follows the condition ( )2 0h a b cg+ − < , which means that 2
2 1

2
cg hbx

ah
−

= > . So those roots are 1x X∈  and 

2x X∉ , whereupon there is the set (22) and the investigated subcase (fig. 4) game solution is the set (23). 

Subcase 1.2.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + < ; 2 0c h+ < . As the point 0
min 1y >  then 

here is the double parabolic inequality 
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Fig. 4. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ < , 0a b g+ + < , 2 0c h+  

with the kernel ( ) 2 2, 3 8 4 7 9S x y x x xy y y= − + − +  and solution { } 7 490 , ,
18 36

⎧ ⎫⎧ ⎫= −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S

( ) ( )0, 0 0, 1S S> >  

( )0
min0, 0,

2
cS S y
h

⎛ ⎞> − =⎜ ⎟
⎝ ⎠

,   (50)
 

that drives to that the minimum of the
parabola (48) 

 

( )min max ,
y Y x X

S x y
∈ ∈

=  

[ ]
( )

0; 1
min 0,
y

S y
∈

= =  

[ ]
( )2

0; 1
min
y

cy hy k
∈

= + + =  

( ) ( ){ }min 0, 0 , 0, 1S S= =  

( )0, 1S= =  

optc h k V= + + =          (51)
 

is reached on the set 
 

{ } { }opt opt opt1Y y= = =Y .    (52)
 

The roots of the corresponding equation (19) 
 

( ) ( ) ( )2
opt opt0, 1 , 1 ,b gV S c h k ax bx gx c h k ax x c h k S x S x y

a
+⎛ ⎞= = + + = + + + + + = + + + + = =⎜ ⎟

⎝ ⎠
         (53) 

 

are 1 0x =  and 2
b gx

a
+

= − . But 0a b g+ + <  means ( ) 0b g a− + > >  and 1b g
a
+

− > . Then 1x X∈ , 2x X∉  and 

there is the set (22), whence the investigated subcase (fig. 5) game solution is 
 

{ } { }{ }0 , 1 , c h k= + +S .                                                                   (54) 
 

Subcase 1.3. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + = . Here the point 1a b
g
+

− =  and the 

maximum of the surface (2) on the unit segment X  of the variable x  is the function 
 

( ) ( ) [ )
( ) ( ) { }

2

2
0, , 0; 1 ,max ,
1, 0, , 1 .x X

S y cy hy k yS x y
S y cy hy k S y y∈

⎧ = + + ∈= ⎨ = + + = ∈⎩
                                         (55) 

 

It is absolutely clear that for minimizing the function (55), that actually is the parabola, on the unit segment Y , it 

should be determined whether [ ]0
min 0; 1y ∈  or not. So here the point ( )0; 1

2
c
h

− ∈  if 2 0c h+ >  and the point 

1
2
c
h

−  by 2 0c h+ . 

Subcase 1.3.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + = ; 2 0c h+ > . As the point ( )0
min 0; 1y ∈  

then the minimum of the parabola (55) 
 

( )
[ )

( )
{ }

( ){ } ( ) ( ){ } ( )0
min0; 1 1

min max , min min 0, , min 1, min 0, , 1, 1 min 0, , 1, 1
2y Y y yx X

cS x y S y S y S y S S S
h∈ ∈ ∈∈

⎧ ⎫⎛ ⎞= = = − =⎨ ⎬⎜ ⎟
⎝ ⎠⎩ ⎭

 

( ) ( )
2 2

0
min optmin 0, , 0, 1 0, 0,

2 2 2 2 4
c c c c cS S S S y c h k k V
h h h h h

⎧ ⎫⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= − = − = = − + − + = − =⎨ ⎬⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎩ ⎭

          (56) 

 

on the unit segment Y  is reached on the set (18). The roots of the corresponding equation (19), which now turns 

into the equation (20), are 1 0x =  and 2
2

2
cg hbx

ah
−

= . Here 1a b
g
+

− =  and ( )0; 1
2
c
h

− ∈ , so again 
2
c a b
h g

+
− < −  

and there follows the condition ( )2 0h a b cg+ − < , which means that 2
2 1

2
cg hbx

ah
−

= > . So those roots are 1x X∈  

and 2x X∉ , whereupon there is the set (22) and the investigated subcase (fig. 6) game solution is the set (23). 

Subcase 1.3.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + = ; 2 0c h+ . As the point 0
min 1y  
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then here is the double parabolic inequality 
 

 
Fig. 5. The subcase 0a > , 0b < , 0g > , 0c < ,  

0a b+ < , 0a b g+ + < , 2 0c h+ <   

with the kernel ( ) 2 2, 3 12 7 16 5S x y x x xy y y= − + − +   

and solution { } { }{ }0 , 1 , 11= −S  

 
Fig. 6. The subcase 0a > , 0b < , 0g > , 0c < ,  

0a b+ < , 0a b g+ + = , 2 0c h+ >   

with the kernel ( ) 2 2, 3 8 5 9 10S x y x x xy y y= − + − +   

and solution { } 9 810 , ,
20 40

⎧ ⎫⎧ ⎫= −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S  

 

( ) ( ) ( )0
min0, 0 0, 1 0, 0,

2
cS S S S y
h

⎛ ⎞> − =⎜ ⎟
⎝ ⎠

,                                                   (57) 
 

which with the obvious identity ( ) ( )0, 1 1, 1S S=  drives to that the minimum of the parabola (55) 
 

( )
[ )

( )
{ }

( ){ } [ )
( )

{ }
( ){ }0; 1 1 0;1 1

min max , min min 0, , min 1, min inf 0, , min 1,
y Y y y y yx X

S x y S y S y S y S y
∈ ∈ ∈ ∈ ∈∈

= = =  

( ) ( ){ } ( ){ } ( ) ( ){ } ( ) ( ) optmin min 0, 0 , 0, 1 , 1, 1 min 0, 1 , 1, 1 0, 1 1, 1S S S S S S S c h k V= = = = = + + =          (58) 
 

is reached on the set (52). The roots of the corresponding equation (19), that is the equation (53), are 1 0x =  and 

2 1b gx
a
+

= − = . So, 1x X∈ , 2x X∈  and here is the set (36). In the being investigated subcase the corresponding 

probabilities ( ) ( )1 0P x P=  and ( ) ( )2 1P x P=  may be determined from the right inequality (37), where opt 1y y≠ = , 
that is 1y∀ < : 

 

( ) ( ) ( ) ( ) ( ) ( )opt 0, 1 1, 1 0, 0 1, 1V S S c h k S y P S y P= = = + + + =  

( ) ( ) ( ) ( ) ( ) ( )2 2 20 1 1cy hy k P a b gy cy hy k P cy hy a b gy P k= + + + + + + + + = + + + + + ;                 (59) 

( ) ( )( )2 1 1 1c h cy hy c y h y y+ − − = − + − + =  

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1 1 1y c h y a b gy P gy g P g y P= − + + + + = − = −⎡ ⎤⎣ ⎦ .                            (60) 
 

As ( )1 0g y − <  1y∀ <  then thereupon is an inequality for determining the probability ( )1P  1y∀ < : 
 

( ) ( )
( ) ( )

1 1
1

1
y c h y c h hy P

g y g
− + +⎡ ⎤ + +⎣ ⎦ = −

−
.                                                     (61) 

 

However hy h< , 2c h hy c h+ + < +  and 2 0c h hy c h
g g

+ + +
− > − . Further there is the need to determine the 

location of the point 2c h
g
+

−  relatively the right end of the unit segment [ ]0; 1 . Actually [ ]2 0; 1c h
g
+

− ∈  if 

2 0c h g+ +  and 2 1c h
g
+

− >  by 2 0c h g+ + < . 

Subcase 1.3.2.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + = ; 2 0c h+ ; 2 0c h g+ + . As the 
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point [ ]2 0; 1c h
g
+

− ∈  then the probability ( )1P  is 
 

( ) [ ] [ ]
0
0

2 2 21 lim 0; 0; 1 0; 0; 1 0;c h c h c hP
g g gε>

ε→

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤+ + +⎪ ⎪ ⎪ ⎪∈ − + ε = − = −⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎩ ⎭

∩ ∩ .                        (62) 

 

So in the investigated subcase (fig. 7) the set 
 

{ } ( ) ( ){ }{ }opt 0, 1 , 1 1 , 1P P= −X                                                               (63) 
 

and finally the game solution is the set 
 

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 1 ,P P c h k= − + +S                                                   (64) 
 

with the probability ( )1P  in the formula (62). 
Subcase 1.3.2.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + = ; 2 0c h+ ; 2 0c h g+ + < . As the 

point 2 1c h
g
+

− >  then the probability ( )1P  is 
 

( ) [ ] [ ] [ ]
0
0

2 21 lim 0; 0; 1 0; 0; 1 0; 1c h c hP
g gε>

ε→

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤+ +⎪ ⎪ ⎪ ⎪∈ − + ε = − =⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥
⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎩ ⎭

∩ ∩ .                               (65) 

 

So in the investigated subcase there is the set (63) with the probability ( )1P  in the formula (65), and the game 
solution (fig. 8) is the set (64). 

 

 
Fig. 7. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ < , 

0a b g+ + = , 2 0c h+ , 2 0c h g+ +  with the kernel 

( ) 2 2, 8 21 13 16 5S x y x x xy y y= − + − +  and solution 

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 1 , 11P P= − −S , where ( ) 61 0;
13

P ⎡ ⎤∈ ⎢ ⎥⎣ ⎦
 

 
Fig. 8. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ < , 

0a b g+ + = , 2 0c h+ , 2 0c h g+ + <  with the kernel 

( ) 2 2, 8 21 13 25 5S x y x x xy y y= − + − +  and solution 

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 1 , 20P P= − −S , where ( ) [ ]1 0; 1P ∈  

 

Subcase 2. 0a > , 0b < , 0g > , 0c < ; 0a b+ > . As the point 0a b
g
+

− <  then 0a b gy+ + >  

[ ]0; 1y∀ ∈  and the maximum of the surface (2) on the segment X  of the variable x  is the parabola 
 

( ) ( ) ( ){ } { }2 2max , max 0, , 1, max ,
x X

S x y S y S y cy hy k a b gy cy hy k
∈

= = + + + + + + + =  

( ) 21,S y a b gy cy hy k= = + + + + + .                                                          (66) 
 

The minimum of the parabola (66) on the segment Y  depends upon whether [ ]1
min 0; 1y ∈  or [ ]1

min 0; 1y ∉ . The point 

[ ]1
min 0; 1y ∈  if 0g c+  and 2 0g c h+ + . 

Subcase 2.1.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ > ; 0g c+ ; 2 0g c h+ + . As the point [ ]1
min 0; 1y ∈  
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then the minimum of the parabola (66) 
 

( ) ( ) ( )
2

1
minmin max , min 1, 1, 1,

2 2 2 2y Y y Yx X

g c g c g c g cS x y S y S y S a b g c h k
h h h h∈ ∈∈

+ + + +⎛ ⎞ ⎛ ⎞ ⎛ ⎞ ⎛ ⎞= = = − = + + − + − + − + =⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠ ⎝ ⎠

 

( ) ( ) ( ) ( )2 2 22

opt2 2 2 4 4
g c g c g cg c g ca b g c h k a b k a b k V

h h h h h
+ + ++ +⎛ ⎞ ⎛ ⎞= + + + − + − + = + − + + = + − + =⎜ ⎟ ⎜ ⎟

⎝ ⎠ ⎝ ⎠
     (67) 

 

is reached on the set (27). The roots of the corresponding equation (19), which now turns into the equations (28) and 

(29), are ( ) ( )
1

2
2

g g c h a b
x

ah
+ − +

=  and 2 1x = . But the conditions 0a b+ >  and 0g c+  give that 

( ) ( )2
0

2
g g c h a b

ah
+ − +

< . So, 1x X∉ , 2x X∈ , and there is the set (30), whence the investigated subcase (fig. 9) 

game solution is the set (31). 
Subcase 2.1.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ > ; 0g c+ ; 2 0g c h+ + < . Here yet the point 

1
min 1

2
g cy

h
+

= − >  and so there is the double parabolic inequality 
 

( ) ( ) ( )1
min1, 0 1, 1 1, 1,

2
g cS S S S y

h
+⎛ ⎞> > − =⎜ ⎟

⎝ ⎠
,                                                   (68) 

 

that drives to that the minimum of the parabola (66) 
 

( )
[ ]

( )
[ ]

( )2

0;1 0; 1
min max , min 1, min

y Y y yx X
S x y S y a b gy cy hy k

∈ ∈ ∈∈
= = + + + + + =  

( ) ( ){ } ( ) optmin 1, 0 , 1, 1 1, 1S S S a b g c h k V= = = + + + + + =                                        (69) 
 

is reached on the set (52). The roots of the corresponding equation (19) 
 

( ) 2
opt 1, 1V S a b g c h k ax bx gx c h k= = + + + + + = + + + + + =  

( ) ( ) ( )opt1 , 1 ,a b ga x x a b g c h k S x S x y
a

+ +⎛ ⎞= − + + + + + + + = =⎜ ⎟
⎝ ⎠

                                (70) 
 

are 1
a b gx

a
+ +

= −  and 2 1x = . But if 0a b+ >  then 0a b g+ + >  and 0a b g
a

+ +
− < . So 1x X∉ , 2x X∈  and 

there is the set (30), whence the investigated subcase (fig. 10) game solution is 
 

{ } { }{ }1 , 1 , a b g c h k= + + + + +S ,                                                          (71) 
 

 
Fig. 9. The subcase 0a > , 0b < , 0g > , 0c < ,  

0a b+ > , 0g c+ , 2 0g c h+ +   

with the kernel ( ) 2 2, 5 2 8 14 10S x y x x xy y y= − + − +   

and solution { } 3 211 , ,
10 10

⎧ ⎫⎧ ⎫= ⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S  

 
Fig. 10. The subcase 0a > , 0b < , 0g > , 0c < ,  

0a b+ > , 0g c+ , 2 0g c h+ + <   

with the kernel ( ) 2 2, 8 5 9 17 2S x y x x xy y y= − + − +   

and solution { } { }{ }1 , 1 , 3= −S  
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being the same as for the intentionally missed subcase 1.1.2.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ < ; 0a b g+ + > ; 

( )2 0h a b cg+ − ; 2 0g c h+ + < . 

Subcase 2.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ > ; 0g c+ > . The point 1
min 0

2
g cy

h
+

= − <  and there is 

the corresponding double parabolic inequality 
 

( ) ( ) ( )1
min1, 1, 1, 0 1, 1

2
g cS y S S S

h
+⎛ ⎞= − < <⎜ ⎟

⎝ ⎠
.                                                   (72) 

 

This inequality gives that the minimum of the parabola (66) 
 

( )
[ ]

( )
[ ]

( )2

0; 1 0;1
min max , min 1, min

y Y y yx X
S x y S y a b gy cy hy k

∈ ∈ ∈∈
= = + + + + + =  

( ) ( ){ } ( ) optmin 1, 0 , 1, 1 1, 0S S S a b k V= = = + + =                                                (73) 
 

 
 

Fig. 11. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ > , 0g c+ >  with  

the kernel ( ) 2 2, 8 3 9 7 2S x y x x xy y y= − + − +  and solution { } { }{ }1 , 0 , 5=S  

is reached on the set 
 

{ } { }opt opt opt0Y y= = =Y .     (74)
 

In the subcase being investigated the
roots of the corresponding equation (19)

 

( )opt 1, 0V S a b k= = + + =  
2ax bx k= + + =  

( )1 a ba x x a b k
a
+⎛ ⎞= − + + + + =⎜ ⎟

⎝ ⎠
 

( ) ( )opt, 0 ,S x S x y= =          (75)
 

are 1
a bx

a
+

= −  and 2 1x = . But

0a b
a
+

− <  and 1x X∉ , 2x X∈ , so

there is the set (30), and accordingly the
investigated subcase (fig. 11) game
solution is the set 

 

{ } { }{ }1 , 0 , a b k= + +S .                                                                  (76) 
 

Subcase 3. 0a > , 0b < , 0g > , 0c < ; 0a b+ = . Here the point 0a b
g
+

− =  and the maximum of the 

surface (2) on the unit segment X  of the variable x  is the function 
 

( ) ( ) ( ]
( ) ( ) { }

2 2

2
1, , 0; 1 ,max ,
0, 1, , 0 .x X

S y a b gy cy hy k gy cy hy k yS x y
S y cy hy k S y y∈

⎧ = + + + + + = + + + ∈= ⎨ = + + = ∈⎩
                       (77) 

 

It is absolutely clear that for minimizing the function (77), that actually is the parabola, on the unit segment Y , it 

should be determined whether [ ]1
min 0; 1y ∈  or not. So here the point ( ]0; 1

2
g c

h
+

− ∈  if 0g c+ <  and 2 0g c h+ + . 

Subcase 3.1.1. 0a > , 0b < , 0g > , 0c < ; 0a b+ = ; 0g c+ < ; 2 0g c h+ + . As the point ( ]1
min 0; 1y ∈  

then the minimum of the parabola (77) is the statement (67), being reached on the set (27). The roots of the 

corresponding equation (19), which now turns into the equations (28) and (29), are ( ) ( )
1

2
2

g g c h a b
x

ah
+ − +

=  and 

2 1x = . But the conditions 0a b+ =  and 0g c+ <  give that ( )
1 0

2
g g c

x
ah
+

= < . So, 1x X∉ , 2x X∈ , and there is the 

set (30), whence the investigated subcase (fig. 12) game solution is the set (31), which in this subcase is the set 
 

{ } ( )2

1 , ,
2 4

g cg c k
h h

⎧ ⎫++⎪ ⎪⎧ ⎫= − −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎪ ⎪⎩ ⎭

S .                                                          (78) 
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Subcase 3.1.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ = ; 0g c+ < ; 2 0g c h+ + < . Here yet the point 
1

min 1
2

g cy
h
+

= − >  and there is the double parabolic inequality (68), that drives to that the minimum of the parabola 

(77) 
 

( )
( ]

( )
{ }

( ){ } ( ) ( ){ } ( ){ }
0;1 0

min max , min min 1, , min 0, min min 1, 0 , 1, 1 , 0, 0
y Y y yx X

S x y S y S y S S S
∈ ∈ ∈∈

= = =  

( ) ( ){ } ( ) ( ){ } ( ) optmin 1, 1 , 0, 0 min 1, 1 , 1, 0 1, 1S S S S S a b g c h k g c h k V= = = = + + + + + = + + + =         (79) 
 

is reached on the set (52). The roots of the corresponding equation (19), that now from the equation (70) turns to the 
equation 

 

( ) 2
opt 1, 1V S a b g c h k g c h k ax bx gx c h k= = + + + + + = + + + = + + + + + =  

( ) ( ) ( ) ( )opt1 1 , 1 ,a b g ga x x a b g c h k a x x g c h k S x S x y
a a

+ +⎛ ⎞ ⎛ ⎞= − + + + + + + + = − + + + + + = =⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

,      (80) 
 

are 1
gx
a

= −  and 2 1x = . But here 0g
a

− < , so 1x X∉ , 2x X∈  and there is the set (30), whence the investigated 

subcase (fig. 13) game solution is 
 

{ } { }{ }1 , 1 , g c h k= + + +S ,                                                                (81) 
 

though it could have been stated as the set (71). 
 

 
Fig. 12. The subcase 0a > , 0b < , 0g > , 0c < ,  

0a b+ = , 0g c+ < , 2 0g c h+ +   

with the kernel ( ) 2 2, 5 5 7 16 8S x y x x xy y y= − + − +   

and solution { } 9 811 , ,
16 32

⎧ ⎫⎧ ⎫= −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S  

 
Fig. 13. The subcase 0a > , 0b < , 0g > , 0c < ,  

0a b+ = , 0g c+ < , 2 0g c h+ + <   

with the kernel ( ) 2 2, 8 8 9 17 2S x y x x xy y y= − + − +   

and solution { } { }{ }1 , 1 , 6= −S  

 

Subcase 3.2. 0a > , 0b < , 0g > , 0c < ; 0a b+ = ; 0g c+ . As the point 1
min 0

2
g cy

h
+

= −  then there 

is the corresponding double parabolic inequality 
 

( ) ( ) ( )1
min1, 1, 1, 0 1, 1

2
g cS y S S S

h
+⎛ ⎞= − <⎜ ⎟

⎝ ⎠
.                                                   (82) 

 

This inequality drives to that the minimum of the parabola (77) 
 

( )
( ]

( )
{ }

( ){ }0; 1 0
min max , min min 1, , min 0,

y Y y yx X
S x y S y S y

∈ ∈ ∈∈
= =  

( ) ( ){ } ( ){ } ( ) ( ){ } ( ) ( ) optmin min 1, 0 , 1, 1 , 0, 0 min 1, 0 , 0, 0 1, 0 0, 0S S S S S S S k V= = = = = =              (83) 
 

is reached on the set (74). In the subcase being investigated the roots of the corresponding equation (19) 
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( ) ( ) ( ) ( ) ( )2 2
opt opt1, 0 0, 0 1 , 0 ,V S S k ax bx k ax ax k ax x k S x S x y= = = = + + = − + = − + = =              (84) 

 

are 1 0x =  and 2 1x = , so there is the set (36). In the being investigated subcase probabilities ( ) ( )1 0P x P=  and 

( ) ( )2 1P x P=  may be determined from the right inequality (37), where opt 0y y≠ = : 
 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )2
opt 0, 0 1, 0 0, 0 1, 1 0V S S k S y P S y P cy hy k P= = = + = + + +  

( ) ( ) ( ) ( ) ( )2 2 21 1 1a b gy cy hy k P cy hy a b gy P k cy hy gyP k+ + + + + + = + + + + + = + + + ;                (85) 

( )20 1cy hy gyP+ + ;                                                                     (86) 

( ) 21gyP cy hy− − .                                                                       (87) 
 

As 0gy >  than dividing the members of the inequality (87) by gy  will not change the sign in it. Hence the 
probability ( )1P  evaluation is 

 

( )1 c hyP
g
+

− .                                                                          (88) 
 

But inasmuch as 0hy > , c hy c+ > , 0c <  and 0g > , then 
 

c hy c
g g
+

− < −  ( ]0; 1y∀ ∈                                                                  (89) 
 

and 0g c+  means that ( ]0; 1c
g

− ∈ . Therefore the probability ( )1P  here satisfies the condition 
 

( ) [ ] [ ]
0
0

1 lim ; 1 0; 1 ; 1 0; 1 ; 1c c cP
g g gε>

ε→

⎧ ⎫ ⎧ ⎫⎡ ⎤ ⎡ ⎤ ⎡ ⎤⎪ ⎪ ⎪ ⎪∈ − − ε = − = −⎨ ⎬ ⎨ ⎬⎢ ⎥ ⎢ ⎥ ⎢ ⎥
⎪ ⎪ ⎪ ⎪⎣ ⎦ ⎣ ⎦ ⎣ ⎦⎩ ⎭ ⎩ ⎭

∩ ∩ .                                    (90) 

 

 
 

Fig. 14. The subcase 0a > , 0b < , 0g > , 0c < , 0a b+ = , 0g c+   

with the kernel ( ) 2 2, 8 8 9 7 2 8S x y x x xy y y= − + − + +  and solution 

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 0 , 8P P= −S , where ( ) 71 ; 1
9

P ⎡ ⎤∈ ⎢ ⎥⎣ ⎦
 

The probability ( )0P  satisfies the condition 
 

( )0 0; g cP
g

⎡ ⎤+
∈ ⎢ ⎥
⎣ ⎦

                   (91)

 

that is from that 1 c g c
g g

⎛ ⎞ +
− − =⎜ ⎟
⎝ ⎠

. Resuming,

in the investigated subcase (fig. 14) there is the
set (63) and the game solution 

 

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 0 ,P P k= −S .  (92)
 

with the probability ( )1P  in the formula (90). 
Conclusion 

Having investigated the 15 subcases of
the coefficients interrelationships in the kernel
(2), there have been determined the
corresponding nine types of the antagonistic
game solution. They are grouped in the table 1.

 
Table 1 

The solutions of the investigated continuous strictly convex antagonistic game with the kernel 
( ) 2 2,S x y ax bx gxy cy hy k= + + + + +  

The given game kernel attributes  
with 0a > , 0b < , 0g > , 0c <  The game solution { }opt opt opt, , V=S X Y  

0a b+ < , 0a b g+ + > , ( )2 0h a b cg+ − <  

0a b+ < , 0a b g+ + < , 2 0c h+  
0a b+ < , 0a b g+ + = , 2 0c h+ >  

{ }
2

0 , ,
2 4
c ck
h h

⎧ ⎫⎧ ⎫= − −⎨ ⎨ ⎬ ⎬
⎩ ⎭⎩ ⎭

S  
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The given game kernel attributes  
with 0a > , 0b < , 0g > , 0c <  The game solution { }opt opt opt, , V=S X Y  

0a b+ < , 0a b g+ + > , ( )2 0h a b cg+ − , 

2 0g c h+ + , ( ) ( )2 0h a b g g c+ − + >  

0a b+ > , 0g c+ , 2 0g c h+ +  
0a b+ = , 0g c+ < , 2 0g c h+ +  

{ } ( )2

1 , ,
2 4

g cg c a b k
h h

⎧ ⎫++⎪ ⎪⎧ ⎫= − + − +⎨ ⎨ ⎬ ⎬
⎩ ⎭⎪ ⎪⎩ ⎭

S  

0a b+ < , 0a b g+ + > , ( )2 0h a b cg+ − , 

2 0g c h+ + , ( ) ( )2 0h a b g g c+ − +  

{ } ( ) ( ) ( )
opt 2 2

2 2
0, 1 , ,

g g c h a b h a b cg
g g

⎧ ⎫+ − + + −⎧ ⎫⎪ ⎪= ⎨ ⎨ ⎬⎬
⎪ ⎪⎩ ⎭⎩ ⎭

X , 

( )2

opt 2, ,
a ba b a bh c k

g gg

⎧ ⎫+⎧ ⎫+ +⎪ ⎪= − − +⎨ ⎨ ⎬ ⎬
⎩ ⎭⎪ ⎪⎩ ⎭

S X  

0a b+ < , 0a b g+ + < , 2 0c h+ <  { } { }{ }0 , 1 , c h k= + +S  

0a b+ < , 0a b g+ + = , 2 0c h+ , 
2 0c h g+ +  

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 1 ,P P c h k= − + +S , 

( ) 21 0; c hP
g

⎡ ⎤+
∈ −⎢ ⎥
⎣ ⎦

 

0a b+ < , 0a b g+ + = , 2 0c h+ , 
2 0c h g+ + <  

{ } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 1 ,P P c h k= − + +S , ( ) [ ]1 0; 1P ∈  

0a b+ > , 0g c+ , 2 0g c h+ + <  
0a b+ = , 0g c+ < , 2 0g c h+ + <  

0a b+ < , 0a b g+ + > , ( )2 0h a b cg+ − , 
2 0g c h+ + <  

{ } { }{ }1 , 1 , a b g c h k= + + + + +S  

0a b+ > , 0g c+ >  { } { }{ }1 , 0 , a b k= + +S  

0a b+ = , 0g c+  { } ( ) ( ){ }{ } { }{ }0, 1 , 1 1 , 1 , 0 ,P P k= −S , ( )1 ; 1cP
g

⎡ ⎤
∈ −⎢ ⎥
⎣ ⎦
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