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SOFTWARE FOR FOURIER ANALYSIS OF FUNCTIONS WITH VARIABLE
PERIOD

The analysis of modern software of computer mathematics providing reasons to carry our investigations of
periodic functions, i.e., functions, which period, without any reservations, is considered to be constant. However, in
practice, there are functions, for example, electrocardiograms obtained after physical exercises, which period is no
longer constant, and changes in some way. Several results of the investigation of periodic functions with the
variable period are represented in the article: the definition of such functions, methods and examples of their
analytical assignment and analytical expressions of variables are given. Taking into account the fact that the main
tools for periodic functions analysis are Fourier series, the sofiware of Fourier analysis are considered and the
software for such analysis of periodic functions with a variable period is developed providing the calculation of
Fourier coefficients and construction of graphs for such functions and their finite Fourier series, which, in turn,
enables us to continue the complex investigation of periodic functions with variable period.

Key words: variable period, periodic functions with variable period, Fourier coefficients of periodic functions with
variable period, Fourier series of periodic functions with variable period, software systems for the analysis of periodic functions
with variable period.

JLIT. AMUTPOLIA

TepHOMNBCHKUH HAIOHATBHUIT TEXHIYHUH yHIBepcuTeT iMeHi IBana ITyiost
IPOI'PAMHE 3ABE3NNEYEHHSA JIJISI ®YP’E€E-AHAJII3Y ®YHKIIIA 31 SMIHHUM MMEPIOJJOM

Ilposedeno ananiz cy4acHux npoepamuux 3acobie Komn 'tomepHOi mamemamuxy, sKi 00380JANNMb NPOBOOUMU  OOCTIOHCEHHS
nepioouunux ynxyiti, mobmo gyuxyitl, nepiod sAkux 0Oe3 OyOb-AKUX 3acmepediceHb @eadcacmuvcs nocmitnum. OOnax, Ha npakmuyi
3ycmpiuaiomscsi GyHKyii, 015 nPpUKIady, elekmpoxapoioepamu, OMpUMani nicis QI3UYHO20 HABAHMAICEHHS, NEPIOO SKUX 6Jice He € NOCMIUHUM,
a NneeHUM YUHOM 3MIHIOEMbCA. B cmammi nagedeni Oesiki pesyibmamu 00CNiONCeHHA NepioOUdHUX (DYHKYIN 3i 3MIHHUM NepioOOM. HAOAHO
BUBHAYEHHS MAKUX DYHKYIU, Memoou ma RPpuKIadu iX aHAmLimuyHo20 3A0aHHS MA AHANIMUYHI 8UPA3U 3MIHHUX nepiodis. Bpaxosyiouu, wo
OCHOBHUM [HCMPYMEHMOM aHanizy nepiooudHux gyuryii € paou Pyp’e, posensoaiomvcs npospamui 3acobu Pyp’e-ananisy ma po3pobiero
npoepamue 3abesneuenHs O MAKO20 AHANI3Y NePIOOUYHUX DYHKYIU 31 SMIHHUM NepiodoM, sike 00360J5€ po3paxosysamu Koegiyienmu Pyp'e i
oyodysamu epaghiku maxkux QyHKYiti ma ix cxinvenux psoie Qyp'e, wjo, 8 800 uepey, 0Ae MONCIUBICMb NPOOOBIHCYBAMU KOMNIEKCHE BUBYEHHS
nepioouynux QynKyitl 3i MIHHUM NEPIOOOM.

Kntouosi crosa: sminnuii nepiod, nepioouuni @yHkyii' 3i 3miHHUM nepiodom, xoeghiyicumu Dyp'e nepioOuyHux GYHKYiti 3i 3MIHHUM
nepiooom, psid @yp'e nepioduunux GyHKyiil 3i SMIHHUM REPIOOOM, NPOSPAMHI CUCTEMU AHANIZY NePIOOUYHUX QYHKYIL 31 3SMIHHUM NEPIOOOM.

1. The state of the problem and the relevance of the work. The main components of modern information
technology are the selection of information, storage of BigData on carriers, its transmission to any distance in a short
period of time, computer processing of information according to the given algorithms. It is assumed that the carriers
of information are various empirical signals (electrical, optical, acoustic, electromagnetic, etc.), sometimes called
functions, processes. One of the most common methods for empirical functions processing is to replace them by
analytical expressions convenient for analysis tasks. The series are mainly used as the tool of replacement, i.e., the
functions presentation of in the form of the sum of certain elementary functions with corresponding coefficients. In
cases when trigonometric sinus and cosine functions are chosen as elementary functions, the resulting series are
called Fourier series, and the coefficients of the series are Fourier coefficients. Knowing the Fourier coefficients
provides solving the problems of their spectral analysis, filtering (selection of the useful signal against obstacles),
choosing the sampling frequency of the continuous function, etc. Although the periodic functions have been
thoroughly investigated, there are periodic functions, which period is no longer constant, but changes in some way.
The most indicative examples of such functions are electrocardiograms obtained during or after organism
stimulation by certain exciter, for example, physical activity. A number of important steps have already been made
in order to investigate the periodic empirical functions with variable period (PFVP). In paper [1], the definition of
PFVP is given and some properties of the variable period are considered. For the case when the variable period is
unknown, the development of its estimation method is described [2], [3]. Paper [4] is devoted to the problems of
creation of orthogonal trigonometric functions with variable period and determination of their variable period. The
availability of the class of functions with variable period [5] and corresponding orthogonal systems opens the way to
the solution of the problem of approximation of functions with variable period. Therefore, the problem of
information technologies development provides the construction of Fourier series of PFVP, the calculation of
Fourier coefficients, and the calculation of the spectra of such functions is important.

The objective of this paper is to analyze the modern mathematical programming environments of Fourier
analysis of periodic functions and to create software for the Fourier analysis of periodic functions with variable
period, particularly the determination of their Fourier coefficients and the construction of Fourier series.

2. Mathematical software systems for information investigations. At present, there is a large number of
software tools for computer mathematics. The classification of software for computer mathematics [6] is shown in
Fig. 1.
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Among the software tools of computer mathematics there are universal mathematical systems (Derive,
Maple, MuPAD, Mathematica, Mathcad, Mathcad, MATLAB) which make possible to solve scientific, engineering
and educational problems, particularly the problems of spectral analysis and synthesis by numerical methods.

For example, in the Derive mathematical package there is the function for the function expansion in
trigonometric Fourier series with syntax: FOURIER(y,t,t1,t2,n) — represents the expression in the form of the sum
with n harmonics of the trigonometric Fourier series, approximating function y(?) in the interval ¢ from t=¢; to t=t,.

Universal mathematical
systems (GAUSS,
MathCad, Matlab,

i
Maple, Mathematica)
Computer geometry
N systems

Systems for
numerical
calcuations(progra
ms-calculators)

Software tools for computer
mathematics

Spreadsheets
(VisiCalc,
SuperCalc,

OmniCalc, Lotus 1-
2-3, Quattro Pro,

Cabry, SketchPad,
Next, DG, Gran-2D,

WinGCLC)
Systems for statistic Computer
calculations Special-purpose alge_brasystems
(Statistica, SPSS, programs and (Derive, MuPad,
S-PLUS, packages Reduce, Macsyma)
StatGraphics Plus) (Advanced Grapher,
Axum, Dynamic

Solver, Electronics
WorkBench,
Grapher, Granl,
Gran-3D, MathPlot,

Fig. 1. Classification of computer mathematics software

There are two functions of Fast Fourier Transform (FFT) in: ffi(list,n) and iffi(list,n) — direct and inverse
Fourier transform over vector-list with 2n elements relatively.

Maple has two functions for calculating cosine and sinus Fourier integrals for the function f(t):
fouriercos(expr,t,s), fouriersin(expr,t,s).

Mathematica system has built-in functions: Fourier/list], InverseFourier[list], performing direct and
inverse Fourier transform of /ist, using FFT algorithm. In addition, Mathematica uses functions for calculating
Fourier series coefficients, called cosine and sinus Fourier integrals:  FourierSinTransform,
InverseFourierSinTransform. For more complete Fourier transform, there are extended functions included in Fourier
Transform subpacket of Calculus package.

One of the systems having the greatest potential for numerical spectral analysis is Mathcad, the main
functions are: ffi(v) Ta ifft(v) — performs relatively FFT and inverse Fourier transform for vector v with complex
numbers. Mathcad has a large set of tools for solving spectral analysis problems and a user-friendly interface.
However, the low data processing speed is Mathcad disadvantage.

MATLAB [7] computer mathematics system has the following functions: ff (X) -discrete Fourier transform
(DFT), fft (X, n) - n-point Fourier transforms. The advantage of this package is the calculation speed. The
disadvantages include certain inconvenience and requirements to PC resources.

In modern computer-aided design programs (ECAD), fast Fourier transform is used in order to carry out
spectral analysis. However, since the main condition for the Fourier analysis application is the signal frequency,
errors are generated in calculations, and obtained spectral characteristics is inadequate [8] because of the availability
of the nonperiodic transient process.

Besides universal mathematical systems there are online calculators on the Internet network allowing to
conduct Fourier analysis. In WolframAlpha [9] we can use Fourier transform function resulting in the character
result. The use of the Fourier series function, which makes it possible to display the graphical representation of the
expansion on separate harmonics is also predicted. Online-calculator Symbolab [10] has the Fourier series function.
The peculiarity of the web-complement MathsTools [11] is its user-friendly interface, the availability of Fourier
coefficient calculations, the ability to view the function graph and the Fourier series graph in one coordinate system.
Due to the Internet resource [12] we get the display of power spectrum graph, which point references are calculated
by FFT algorithm. The main feature among all of the above mentioned is the ability to select the input signal (file,
record, function, etc.). However, despite the user-friendly and easy-to-understand interface, sufficient functional
availability, given mathematical packets and online-calculators the processing of functions with variable period is
not carried out.

The history of writing and developing software tools of computer mathematics shows that they are based on
data models of to be processed, and the corresponding algorithms developed on the basis of models. Software is
essentially the translation of the above mentioned algorithms into the language of computing means. As for the
Fourier analysis of periodic functions with constant period, the algorithms for calculating Fourier coefficients are
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fundamental for the software. Taking this into account it is obvious that for the software tools of the Fourier analysis
of the PFVP the theory and algorithms for calculating Fourier coefficients are required. For this purpose, let us
consider some questions of the PFVP theory such as the methods of analytic assignment of such functions

3. Analytical assignment of functions with variable period. Let us give some examples of analytical
assignment of functions with variable period.

3.1 Trigonometric functionssin x%, cos x%,tg x%,ctg x%,a > 0,00 #1 . The first two of these functions —

sinx?, cosx? or their generalization A4 sin (kx“ + ¢), A cos(kxa + ¢) are widely used. For example, the function

4
% %oure)
with variable period is £} (x)=sinx/4 (Fig. 2), its variable period 7'(x)=—x+| x/4 + 27 | .

JAVAWA LY
NG VAN

3
Fig. 2. Function f](x)=sin xA (thick line), /5 (x)=sin x (thin line)

¥

3.2 The exponential function: f(x)=a¥ () where the number a >0, g(x) — is the trigonometric function

with variable period, in most cases g(x) =sinx% a>0,a#1, g(x)=cosx?.

2
4
3.3 The power function: f(x)=(g(x))* . For example, the power function is f(x)= [sin xA + %J (Fig.

o
+
)
B
—_
INN

3), its variable period is T/(x)=—x + (x

y 2
Fig. 3. The graph of function f(x) =|sinx/3 + %

Another example is the superposition of the power function and the “Fractional portion” function:

2k %)
f(x)=4x/5} . The graph of this function is shown in Fig. 4 with variable period T (x): —x+|x/3 +1 .

2
3
Fig. 4. The graph of function f(x) = { A }

3.4 The signum of the function: f(x)=signg(x), g(x) — is trigonometric function with variable period.

5
For example, the function f(x)=sign (sin x% J . Its graph — is the periodical fluctuations of the rectangular shape
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5
(Fig. 5), but already with variable period T (x) =—x+ [x% +2r

r:;?
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%
Fig. 5. The graph of function /' (x)=sign| sin x 7

3.5 Fractional portion: f(x)={g(x)}¥, where a >0, {o} — fractional portion, g(x) — some nonlinear

continuous increasing (decreasing) function.
Example. Superposition of the logarithmic function and the “fractional portion” function:
f (x)= {logc x}, x21,c>1. For this function its variable period is T (x)= x(c - 1) . At ¢=3 the graph of function

f(x)={logs x} is shown in Fig. 6, and its period T(x)=2x, i.e. is linear function kx with coefficient k=2.

[t EEEE a--ssiza

¥

10 20 30
Fig. 6. The graph of function f(x) = {log3 x}

4. Fourier series of PFVP and its coefficients. The expansion of functions in the Fourier series is rather
powerful tool for investigating the functions, primarily periodic ones. The formulas for determining the series
coefficients are the basis of Fourier series development. Let us remind that if f (x) is the periodic function with

. , . , a4 - 27 .2 :
period T, then for its Fourier series f(x)= 70 + Z[a n COS ne-x +b,, sin n7xj the coefficients are
n=1

2% 2t 2 2 o
determined by the formulas a =F‘|.f(x)a’x, ay, =?If(x)cosTxdx , by =?J.f(x)sin ?xdx.
0 0 0

In the case of PFVP, the task of constructing Fourier series and determining their coefficients is much more
complicated. Let us consider only one isolated case of this problem. We choose the system of trigonometric
functions

sinnx?,cosmx¥, >0, #1,n=12,.., 1)

Note that when o =1 we get the well-known system of trigonometric functions sin nx, cosnx, n =12,..., orthogonal
at the arbitrary interval [x,x + 27] with the length 27 . As far as system (1) is concerned, its variable period is
determined by the formula

T)= v+ e +20) @)

According to [4] system (1) is orthogonal with the weight function and its orthogonality interval is the
arbitrary segment [x,x+7T (x)], x=20. Taking into account (2), the orthogonality interval, is

1 1
[x,x+T(x)]= {x, (xa + 27[)4’1 , 1.e. its length is variable and equals (xa + 271')4 —x . It is easy to notice, that at

o =1 the length of the orthogonality interval is equal 27 .

It is shown in [4] that the norm of each of the system functions (1) is equal to \/;' : |lsin nx® ‘ =|cosnx® ‘ = x/; . This
2 x+T(x) 2 x+T(x)
results from ||sin nxa‘ =« @ gin2 w%dx =1, cosnxa‘ =a x@ L eos m%dx=m,n=12,-
X X
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Let us proceed to the problem of Fourier series of PEVP. Let us assume f(x) — is the periodic function

with variable period, whose variable period coincides with the variable period of the trigonometric system (1), i.e. is
determined by formula (2). Fourier series f (x) in this case is expressed as the sum

a oo
f(x):70+ Z(ak coskx® +by, sinkxa). ?3)
k=1
It is shown in [13] that under the above mentioned conditions, Fourier coefficients for this series are
determined by formulas

r+T(1') 1+T(1) Z'+T(Z')
ag :% J. xa_lf(x)dx , Ak :% I xa_lf(x)coskxadx >, by :% J. xa_lf(x)sin Jx % dx )
T T T

2
a n
For Fourier series of PFVP there is Bessel inequality 70+ zai +bl§ Sl“ f (x]|2, where norm is
— r

x+T
|| f (x)||2 =(f(x), =a J x)dx , i.e. determined by the scalar product taking into account the weight

5
function p(x)=ax®!. For example, for f(x)=sign[sinx% J (Fig. 8) its variable period is

P
5
J . Let assume that the left point of the integration interval is 7 =20 . At this point the

T(x)=—x+ (x% +2r7

7
VA
period is 7(20)=-20+|20"7 +2x =23.4095 . Then, in order to find Fourier coefficients, integration should

be carried out on the interval [20, 20 + 7(20)]=[20, 43.4095]. The coefficient calculation results are shown in
Table 1.

Table 1
The coefficient calculation results

Interval

5
[20’ 43. 4095] Function with variable period f)= Sigr{sin X A j

ak,k:® 0.0003  |-0.0082 -0.0003 |-0.0082 -0.0003 | -0.0082| -0.00001 -0.0082 |-0.0002 | -0.0082
bk,k=1,T0 - 1.2732 0.0000 | 0.4244 | 0.0000 | 0.2546 0.0000 0.1818 [0.0000 0.1414
aé+§(2 b2 )= 19588 ! -
- k:lak+ L=l V1) =1.9999

5
Fig. 7 represents the graph of Fourier finite series function f(x) =Sigr{sin x% J and the function graph.

n 5 5
. . . . .a .
Comparing these graphs, it can be stated that Fourier finite series 70 + E [a k COS kx% + by, sin kx% J at n=9
k=1

I O e
M‘EM e

%
Fig. 7. Function f(x) = sigﬂ[sin X 7 J, X€E [0,60] , (dotted line) and its Fourier finite series (full line)

displays the form of function.
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5. Software “Fourier-analysis of functions with variable period’’. The availability of the analytical
assignment of functions with variable period and algorithm for obtaining of Fourier series coefficients of the PFVP
provide the opportunity to develop software performing the Fourier analysis of the PFDP.

The interface of the program involves introduction by user the input function for processing, as well as
parameters for display and calculations. For our purpose the dialog window completely provides Fourier analysis
performance, since it displays the input data for analysis, the graph of the investigated function and its
approximation function as the result of the analysis, as well as the calculated Fourier series coefficients and the
amplitude spectrum graph.

Due to the developed software the user can enter the function with variable period, but with certain features
of the input syntax. All variables and operations should be capitalized. For example, in basic mathematical
operations such as: Cos(), Sin(); Pow("value", "power") exponentiation, we record X in braces "[X]". That is,
cosine X raised to the third power should be recorded in the following way Cos(Pow([X], 3)). If the function input
syntax is broken in the text field, then its plotting does not take place. After clicking the "Build a graph" button, the
graphing of the investigated FVP is visualized. There is also an option "Smoothing the function", which smoothest
the graph of the investigated FVP.

In order to make calculations and analysis, the user inputs the number of coefficients of Fourier series and
the left point of the integration onset. The "Calculate" button provides calculation of Fourier series coefficients, their
output in the form of the table, as well as the visualization of the amplitude spectrum graph (Fig. 8).

[] 3rnamkysanHa dyHiui [C] Miwe rpadis cysn pray KDECI)iu.ieHTH (Dyp'e
Beeq dyHKLi Sign(Sin{Pow([¥]. 5/ 7)) - | ah) bin) _ A |
- s |
MakcumManeHe sHaueHHA X 50 - T
= 0,008226 1273231 1273258 |
Kpok X npu noBynosi eyHKL 1 pyreai .-0,000353 SE-06 !ﬂ.UDD353 |
MirivaneHe shaseHHa Y 2 -0.008227 0424389 |0.424468 | |E
MakcumansHe sHaveHHA Y 2 KoepiieHT PYpE .-ﬂ.ﬂﬂi]SSB -1,8E-05 | 0.000358 |
—_— -0,008229 0.254607 |0.25474
l KinekicTe koeiujenTis pray Fypen= 3 1 DL ! 2 |
i I i OwicTviv nons -0.000358 2. 7E-05 0,000359 |
== sk isrean Bt 20 € J) -0.008232 0,181834 |0,18202 |
' Mpaea Touka iHTepeany aHanisy t= 43409547 -0,000357 35605 |0,000358 | -
Th) = |-x+((6/7) + 2P (1/5/7) Bingans = [0.354241 : : =
b ALAALLLA e Ipacpik 3MiHHOrO nepioay
l == Function Furie Sum = Pericd
2 80
|
1.2
1 el i - A — 1 -
0.4 .'I 3 : 3 : 1 /’_‘-"“"
' i H 1 1 1 0
1 ; 1 . )
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]
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Fig. 8. Fourier-analysis of function /' (x)=sign| sin x 7

Fourier coefficients of the investigated function are found and the Fourier series graph is constructed
according to these coefficients sufficiently reflecting the behaviour of the function.

Conclusions. The carried out analysis of the modern mathematical software environments proved the
existence of versatile possibilities for the investigation of periodic functions and the absence of such possibilities for
periodic functions with variable period. The software program of Fourier analysis of functions with a variable period
is developed. The obtained theoretical results are checked by means of computer experiment for one analytically
assigned function with variable period. The obtained theoretical results are checked with the help of a computer
experiment for one analytically given function with a variable period. For this purpose, Fourier coefficients of the
investigated function are found, and their calculation was carried out by appropriate integration on one of the
intervals which length coincided with the alternating period magnitude at the left point of the trigonometric system
orthogonality interval. The graph of finite Fourier series constructed on the basis of these coefficients reflects the
behaviour of the function perfectly well. The developed software product automatically calculates Fourier
coefficients for functions with variable period and constructs the graphs of such functions and their finite Fourier
series, which in turn provides the opportunity for further comprehensive investigations of functions with variable
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period.
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